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This is intended to be a short tutorial on fast multipole methods (FMM). These were mainly
written to ease my understanding of the subject. We discuss the main technical concepts like

singular potentials, factorization, and translation. Important topics like error analysis and the
computational cost analysis are left out. The single level FMM is discussed in detail since the fast
Gauss transform is based on the single level FMM. A brief discussion of multiple level FMM is
given at the end. This primer is mainly based on the course offered by Dr. Ramani Duraiswami
and Dr. Nail Gumerov at the University of Maryland, College Park.
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1. INTRODUCTION

The fast multipole method has been called one of the ten most significant algorithms
[Dongarra and Sullivan 2000][Board and Schulten 2000] in scientific computation
discovered in the 20th century, and won its inventors, Vladimir Rokhlin and Leslie
Greengard, the 2001 Steele prize, in addition to getting Greengard the ACM 1987
best dissertation award [Greengard 1988].

The algorithm allows the product of particular structured dense matrices with
a vector to be evaluated approximately in O(N) or O(N log N) operations, when
direct multiplication requires O(N?) operations. Coupled with advances in itera-
tive methods for the solution of linear systems, they provide O(N) or O(NlogN)
time and memory complexity solutions of problems that hitherto required O(N?)
or O(N?) time complexity and O(N?) memory complexity. For extremely large
problems, the gain in efficiency and memory can be very significant, and enables
the use of more sophisticated modeling approaches that, while known to be better,
may have been discarded as computationally infeasible in the past.

Originally this method was developed for the fast summation of the potential
fields generated by a large number of sources (charges), such as those arising in
gravitational or electrostatic potential problems, that are described by the Laplace
equation in two or three dimensions [Greengard and Rokhlin 1987]. This lead to the
name for the algorithm. Since then FMM has also found application in many other
problems, e.g. in non-parametric statistics, finance, chemistry, machine learning,
computer vision etc.

We are interested in computing the following sum

N
’Uj:Zqi(p(yj7xi), j:l,...,M, (1>
i=1

where

—{z; € Rd}izl,m’N are called the source points,
—{y; € R%};_1,. . are called the target points,
—{q; € R};=1,.. n are the source weights,

—and @ is the potential function.

®(y;,x;) is the contribution of source at x; towards the target point y;. The
computational complexity to directly evaluate Eq. 1 is O(MN).

The fast multipole methods look for computation of the same problem with com-
plexity O(M + N) and error < e. The FMM represents a fundamental change in the
way of designing numerical algorithms, in that it solves the problem approximately,
and trades complexity for exactness. However, practically this distinction is usually
not important, as in general, we need the solution to any scientific problem only
to a specified accuracy, and in any case the accuracy specified to the FMM can be
arbitrary. In the case when the error of the FMM does not exceed the machine
precision error there is no difference between the exact and approrimate solution.

Compared to the FFT, the FMM does not require that the data be uniformly
sampled, and in general it does not rely on discretization structure to achieve the
speedup.
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Fig. 1. Local R-expansion B (zx) = {y € R?: ||y — @«|| < r«} in case of (a) rs < ||@; — z«||, (D)
ra = 12 — zall, and () 74 > Jl7i — 2l

2. POTENTIALS AND FACTORIZATION

We refer to ®(y,x;) as the field or potential of the i** unit source. We mainly
focus on scalar fields. ®(y,z;) can either be singular or regular. For example the
gravitational field is singular at the source point while the gaussian field is regular
everywhere.

Gravity (singular at © = x;).
1 1 1

1
ly — i
Gaussian (regqular everywhere).
Dy, aq) = e v (3)
2.1 Regular (Local) Expansion: R-expansion
For any z, € R% we call the expansion
Dy z) = 3 (@i 2 Ron(y — 2) (1)
m=0

regular (local) inside a sphere By (z,) = {y € R : |ly — .|| < r.}, if the series
converges for all y € B;S (24). am(z;, x.) are the expansion coefficients and Ry, (y —
x,) are the regular basis functions. x is also referred to as the expansion center.

Eq. 4 is referred as the R-exzpansion of the potential ®(y,z;). For a regular po-
tential the region of convergence B;S (z.) can be quite arbitrary (the R-expansion
is valid for all the three cases shown in Fig. 1). However for a singular potential
By (@) cannot include the singular point (only Fig. 1(a) and (b) are valid, where
the singular point z; is outside B (z4)).

Example 1: R-expansion of a regular function
Consider the one-dimensional Gaussian function which is regular everywhere,

B(y,z;) = e Wm0, (5)
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For any z, € R and ||y — z.|| < r. < oo, making use of the Taylor’s series, the

R-expansion can be written as follows.
By, x;) = o [(y—z)—(zi—z.)]?/n?
— o~ (—z)?/h? —(wi—w)?/B® 2(y—w.)(zi—w.) /h®

2 /12 2 /12 e 2m Yy X mn ZT; €T m
— o~ (y—z)*/h* = (zi—zs)" /R z i v
-eoees G () (45)

m=0

M2 £

U (T, 24 ) R (y — 4,
0

3
Il

where

2m (wi—z)2 /B2 T; — Ty m
am(xiax*) - me ( ¢ *) /h (h)

_ _ —(y—w)?/h? (Y T T "

Example 2: R-expansion of a singular function.
Consider the one-dimensional gravitational field which is singular at y = x;,

1

O(y, z;) = :
(y, @) pra—

A T L i " o—(y—a)? /0 (Y~ Tx "
m! h h

9)

For any z. € R and ||y — x| < r« < ||z; — 24| (to make sure we do not include

the singular point x;), [We make use of the Geometric progression. ]

1 1
@ ,{Ei = — _ —
(y ) (y—x*)—(x,'—x*) (xi_l'*)[l—ﬁ]
= — 1 1— Y — T« B
(xl -T*) xX; Ty
- 7(33 — X ) (;I;_x )m ’Slnce||y7x*||<”xifx*”
) *) = \Ti %
[eS) 1 -
-3 [ v
m=0
= Z am(xz,l'*)Rm(y — .’L‘*)’
m=0
where
—1
am(xivx*
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Fig. 2. Far field S-expansion BE* (z+) = {y € R? : ||y — z«|| > Ry} in case of (a) Ry < ||z; — z4]|,
(b) Ra = |las — e, and (c) Be > [fz: — .|

2.2 Far Field Expansion: S-expansion

For any z, € R? we call the expansion
m=0

far field ezpansion outside a sphere By, (z.) = {y € R : ||y — a.| > R.}, if the
series converges for all y € BE* (24). bm(x;,'z,) are the expansion coefficients and
Sm(y — x) are the basis function (which can be singular at y = ). Eq. 13 is re-
ferred as the S-expansion of the potential ®(y, z;). For a regular potential B, (x.)
can be quite arbitrary (the S-expansion is valid for all the three cases shown in
Fig. 2) but for a singular potential B (z.) cannot include the singular point (only
Fig. 2(b) and (c) are valid, where the singular point z; is not in Bf_(.)).

Ezxample 1: S-expansion of a reqular function

For a regular potential the R-expansion can serve as the S-expansion since the
potential does not have any singular points. However it is desirable to use rapidly
converging series. Consider the one-dimensional Gaussian function which is regular
everywhere.

R e (14)
For any =, € R and ||y — z.|| > R. < o0,
oo
m=0
where
2m 2 2
) _ 2 —(zi—z4)*/h o m
b (x4, T4) = ¢ (x; — )™, (16)
Sy — m.) = e WTT I (y — gy (17)
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Example 2: S-expansion of a singular function.
Consider the one-dimensional gravitational field which is singular at y = x;,

o0

D(y,z;) = L _ b (i, 24 ) S (y — X4), - (18)

Y-

m=0

For any z, € R and ||y — .|| > R« > ||x; — x| (to make sure we do not include
the singular point x;),

1 1
Rl gy o gy Rl P =

B 1 T -1 B 1 (2 — 2™

BRTEES [l yx} eSS e
o0 1 m

- X [gmagem] e

= Z bnz(x%x*)sm(y_z*)? (19)
m=0

where,
bon (5, 02) = (25 — 22)™, Sy — 22) = W (20)

2.3  Why R- and S-expansions?

If the potential has a singular point z;, then we use R-expansion for all ||y — x| <
|lz; — x«]|, and S-expansion for all ||y — x.|| > ||z; — z«||. Note that the singular
point x; is at the boundary of the regions for R- and S-expansions. Also in case of
regular potentials depending upon how far y is from z, either the S-expansion or
the R-expansion will converge much more rapidly than the other.

3. MIDDLEMAN METHOD
3.1 For regular potentials

Consider a potential which is regular everywhere. Then we can use the R-expansion
about a point z, for factorizing the potential. The field at y; can be evaluated as
follows.

N
> a®(y;,wi)
=1

’Uj =
N [e'S)
= Zqi Z A (T4, 24 )R (y; — ¢4) | [R-expansion]
i=1 m=0

p—1

N
= > lz am (25, @) Rin (y; — 24) + error(p, xuyj,x*)] (21)
=1

m=0
The truncation number p is chosen based on the desired error. One of the trickiest
part in designing a good FMM algorithm lies in getting a pretty tight bound for
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(b) (e)

Fig. 3. (a) Direct computation (b) Middleman method (c) middleman with target clusters (d)
middleman with source clusters (e) Single level FMM.

error(p, ;, y;, T«). Ignoring the error term we have,

N p—1
v = Z%‘ [Z am(xi,w*)Rm(yj - x*)]
i=1

m=0
p—1 N
= S Gt w) | Rl — 22
m=0 Li=1
p—1
= Y AnBn(y; — ) (22)
m=0

where A,, = Zf\il Giam (x;, x4 ), which depends only on the source and can be com-
puted in one pass for different m. The computational complexity for computing
{A Y0 if O(pN) and for computing {0, }L, is O(pM). Hence the total compu-
tational cost is O(pN + pM). As long as p < min(M, N) we have a reduction in
the computational complexity.

This approach is called the middleman method since we are computing the set of
coefficients {A4,,}"", at a single expansion center z, (see Fig. 3(b)). The reader
should realize that this approach will work only for regular potentials. Also it can
be seen that the middleman method need not use only one expansion center. We
can use multiple expansion centers and them consolidate the contribution of all the
expansion centers (see Fig. 3(c)).

3.2 For singular potentials 1

For singular potentials we can use the middleman approach if the sourceland the
target points are well separated. [See Fig. 4(a) and (b)]. In (al) and (b) we will use
the R-expansion at the center of cach target clusters and in (d) and (e) we will use
the S-expansion at the center of each source clusters.

If the sources and targets are not well separated we do a space partitioning. For
example let us say we partition with respect to the target points. For each target
cluster we use the R-expansion for all sources outside a neighborhood of the cluster.
There will be some sources which happen to lie within the neighborhood of these
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Fig. 4. For singular potentials we can use the middleman approach if the source and the target
points are well separated. In (a) and (b) we will use the R-expansion at the center of each target
clusters and in (d) and (e) we will use the S-expansion at the center of each source clusters. The
red filled circles are the source points and the back circles are the target points.

clusters, where the potential happens to be singular at each of these source points.
If the number of such sources is few we can directly sum the contribution of these
sources. However if they are large in number, this leads to the idea of a single level
FMM to be discussed in the next section.

4. TRANSLATIONS (RE-EXPANSIONS) !

Let {Fp(y—241) 152 and {G, (Y — x42) }55_ be two sets of basis functions centered
at .1 and x,; such that ®(y, z;) can be represented by two uniformly and absolutely
convergent series as,

O(y,z;) = Z an (T3, 1) Fn(y — 241), Yy € C RY. (23)
n=0

O(y,2i) = Y bin (@i, 22) G (y — T42), Yy € Oz C Q. (24)
m=0

(F|G)(t) is called a translation operator which relates the two sets of coefficients
as,

{om (i, 242)} = (FIG)(O{an (i, 2a)}, t = Tag = T (25)
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4.1 R|R re-expansion (Local to Local)

Refer to Fig. 5(a). Consider the R expansion of a potential ®(y,z;) about the
expansion center r, € R?

oo

Oy, i) = Y am(wi, )Ry —2.), Vy€Bi(w.,)={yeR: |ly—a.| <r}

m=0

We are interested in writing the same function over a shifted basis R, (y — (z. +t))
about the expansion center z, +t € B (x,)

P (y, ;) Zan Tiy Lo + )Ry (y — (2 + 1), Yy € B (2. +1) C BT (2),

where B (z« +t) = {y € BS(z.) : ||y — (e + )| < 71 =7 — ||t||}. The matrix
operator (R|R)(t) relates the coefficients a,(z;, x.) and ap,(z;, x.« +t) as,
n (T, T +1) = (R|R) nm (t)am (1, ). (26)
m=0
4.2 SIS re-expansion (Multipole to Multipole)

Refer to Fig. 5(b). Consider the S expansion of a potential ®(y,z;) about the
expansion center z, € R? (||lz; — x.| < 7)

yaxz Zb $Z,l‘* ( _'/E*)? VyEB?(l'*):{yERd Hy_l'*” >’I"}

We are interested in writing the same function over a shifted basis Sy, (y — (. +t))
about the expansion center z, +t € B (xy)

Oy, z;) Zb (@i, 7 4+ 1)Sn(y — (T +1)), Yy € B (2. +1) C By (w.),

where B (z.« +t) = {y € B (x4) : ||y — (x« + t)|| > 71 = r + [|t]|}. The matrix
operator (S]S5)(t) relates the coefficients by, (z;, x.) and by, (z;, x« +t) as,

oo

b (@i, Te +1) =Y (SIS ()i (i, 7..). (27)

m=0
4.3 S|R re-expansion (Multipole to Local)

Refer to Fig. 5(c). Consider the S expansion of a potential ®(y,z;) about the
expansion center z, € R? (||lz; — x.| < 7)

y?xl Zb $Z,l‘* ( _'/E*)? \V’yEB:(l'*):{yERd Hy_l'*” >’I"}

We are interested in writing the same function over a shifted regular basis R,,(y —
(x4 +t)) about the expansion center z. + ¢ € B ()

o(y,x:) Zan Tiswe + Ry — (2. +1)), Wy € BS (2. +1) C B (),
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B (24)

(a) RIR (b) SIS

Ty

B (2.)

(c) SIR
1 1

Fig. 5. Schematic illustrating (a) R|R re-expansion, (b) S|S re-expansion, and (c) S|R re-expansion

where B (2. +t) = {y € B (z.) : |ly — (z« +t)|| <71 = ||¢t| — r}. The matrix
operator (S|R)(t) relates the coefficients by, (z;, z.) and a,,(z;, . +t) as,

(i, e +1) = Z (S| R)nm ()b, (24, ). (28)
m=0

4.4 RIS re-expansion (Local to Multipole)

Theoretically it is possible to have R|S re-expansion also. But in practice since the
domain of S expansion is larger than the domain of R expansion, this is either not
useful (due to large error bounds) or can be avoided in algorithms. Most FMM
algorithms do not use R|S re-expansion.
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(a) Ii(n) (b) I2(n) (c) Iz(n)
Fig. 6. The three spatial domains.

5. SINGLE LEVEL FMM
5.1 What is the problem with middleman ?

For a regular potential even though the expansion is valid everywhere, the trunca-
tion number can be huge for large domains to provide the desired accuracy. For
singular potentials the middleman approach can be used only when either the source
or targets are naturally grouped.

5.2 Space subdivison

Given these series representations and translation operators, the single level FMM
proceeds as follows. First the space is partitioned into boxes. Each box will contain
a certain number of sources and targets. For any box n we define the following three
spatial domains [See Fig. 6].

Ii(n) = {n}
{Neighbors(n)} U{n}
I3(n) = {All boxes} — {I2(n)} (29)

o
—~
3
S
[

Let the target point y € n. We define the following three potentials,

Oiy) = Y. @y )

:EieIl(n)

5 (y) = Z ¢ ®(y, z;)
ZL’,;EIz(n)

Ly) = D ey ) (30)
I,,EI';(H)

Since E3(n)° = Fa(n) the total potential can be written as,

N
®(y) = Z%“I’(y,%) = @ ®(y, i) = ©3(y) + 25(y). (31)
i=1 z;€{I2(n) Is(n)}
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5.3 R expansion

The potential ®%(y) has to be computed using the local R expansion of ®(y,x;)
about the box center z]. Exchanging the order of summation and consolidating
the source terms we have,

P5(y) = Z 7:®(y, ;)
11613(’!7,)

o0

= Y @[3 anlw el Rty — o)

z;€I3(n) m=0

oo

= Z Z Gitm (i, 20 ) | Ry — 27)

m=0 | z;,€l3(n)

= > ALRu(y—aD) (32)
m=0

where AT, =3, 1 () Gi@m (@i, 27).

5.4 S expansion

If y is close to x then the local R-expansion series will converge quickly. However
if y is faraway then the series may converge very slowly or may nor converge at all.
We need a larger radius of convergence so that the number of boxes are small. Also
since we will be truncating the above series, if the series converges slowly larger
radius will imply a very large truncation number. For this reason we use the S-
expansions, and translate it to an R-expansion via the S|R translation operator. The
S expansions are computed about the box centers for all the boxes. Exchanging the
order of summation and consolidating the source terms we have ®! (y) the potential
at y € I3(l) due to all sources z; € I (1)

Di(y) = Z 7 ®(y, i)
aZiEIl(l)

oo

= Z qi Z b (i, xlc)Sm(y - l‘lc)

z;€I1(1) m=0

oo

=Y | > gibm(@ial)| Smly —al)

m=0 | z,€0(1)

= i B}, Sm(y — =) (33)

m=0

l l
where Bm = Ex,-eh(l) Qibm(xiv Ic)'
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5.5 S|R Translation

Now we want to write the potential ®} (y) (expanded using an S expansion around

z!) as an R expansion around z”.

m=0

x; €11 (l)

_ Y [zaz (2L + (a7 — a)) R (g — (s + (a7 — xzm]
z; €11 (n) k=0

oo

= S i (w2l + (2 — 2)) | Ruly — o)

k=0 | ;€01 (1)
[ oo

= > { > (SIR)km (2 — &l)bp (s, ﬂ?lc)} Ri(y — z7)
_wiEIl(l) m=0
[ oo

(SIR)km (g —x) § D @ibm(wisat) ¢ | Ruly —f)

I
e I I

_m:O miell(l)
= > (SIR)km (e — 2l)BL, | Ry — 7
k=0 Lm=0
= > AP Ry(y — 7) (34)
k=0

where APl = 3" (S|R)gm (27 — z)Bl,. The R expansions about the box center
xy,

®3(y) = D ApRuly —2?) (35)
m=0

where AT, = 37 1 ) @iam(Ti, 27) = 3 cp,m) Am- So we have R expansions
about the box centers, and very few points for which valid expansions could not be
constructed. These are evaluated directly and added to the R expansions evaluated
at the evaluation points. The speedup is achieved by appropriately truncating each
series.

6. MULTI LEVEL FMM

We give a brief description of the multi level FMM without going into the details.
Given these series representations and translation operators, the multilevel FMM
proceeds as follows. First the space is partitioned into boxes at various levels,
and outer S expansions computed about box centers at the finest level, for points
within the box. These expansions are consolidated, and they are translated S|S
using translations in an upward pass up the hierarchy. The coefficients of these box-
centered expansions at each level are stored. In the downward pass, the consolidated
S expansions are expanded as local R expansions about boxes in the evaluation
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Algorithm 1: Single Level Fast Multipole Method

Input

zjeRYi=1,....N /*x N sources in d dimensions. */
g €RTi=1,...,N /* source weights. */
y; € R?j=1,...,M /* M targets in d dimensions. */
®(y,x;) /* potential at y due to source ;. */
€ >0 /* Desired error. x/

Output: Computes an approximation <i>(yj) to ®(y;) = Zfil ¢:;®(yj, x;) such
that the |®(y;) — ®(y;)| <e.

Step 0 Partition the space into boxes.;
Step 1 Decide the truncation numbers p1 and ps such that the error is < ¢;

Step 2 S- and R-expansion of the potential function about each box center.
Vas € Li(l) Vy € Io(l) ®(y,i) = Y7Ly br(wi,wi)Sly — i)
Vo, € I3(1) Yy € () @y, 2:) = 202 ag(ws, ab)Ry(y — ab);

Step 3 Consolidate the S-expansion coefficients for each box.
Bl = Y rien() qiby (x5, 2L) forr=0,....p1 —1;

Step 4 S|R translate the expansion coefficients.
Ayl = SPlo (S|R)gr (e — at) B for q=10,....p2 — 1
=Y ier,m) Ay Ant forq=0,...,ps —1;

Step 5 Final summation. .
Oy € Ii(n) = X2, e 1y(n) G2(Ys 1) + 25020 AGRy(y — 20);

hierarchy, using the S|R translation, for boxes for which the expansion is valid (it
is in the domain of validity of the particular S expansion). At finer levels, the R
expansions at the higher levels are R|R translated to the new box centers and to
these are added the coefficients of the S|R translations from boxes at finer levels of
the source hierarchy, which were excluded at the previous level(s). At the finest level
of the evaluation hierarchy we have R expansions about the box centers, and very
few points for which valid expansions could not be constructed. These are evaluated
directly and added to the R expansions evaluated at the evaluation points.
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